The charge susceptibility of twisted bilayer graphene is investigated in the Dirac cone, respectively random-phase approximation. For small enough twist angles θ 2
Introduction. With the discovery of graphene and other two-dimensional (2D) crystals [1] , the field of plasmonics has received renewed attention [2] [3] [4] [5] [6] [7] . Especially single-layer graphene on hexagonal boron-nitride (h-BN) displays outstanding properties, hosting long-lived plasmons with life times of the order of 500f s and offering the possibility of tuning the plasmonic resonances via an electrostatic gate [8] . The plasmonic modes can also be modified when the 2D materials form Moiré patterns with the underlying substrate and emerging high-energy modes were observed for graphene on top of h-BN [9, 10] . Along these lines, twisted bilayer graphene offers new perspectives for tuning the electromagnetic response by changing the twist angle [11] [12] [13] [14] [15] . Here, we will investigate the plasmonic spectrum of twisted bilayer graphene using the continuous model by Lopes-Santos et. al. [16] , i.e., we extend previous results for the local conductivity to finite momentum transfer [17, 18] . For small enough twist angles θ 2
• we will find novel weakly Landau damped interband plasmons, i. e., collective excitonic modes which exist in the undoped material with an almost constant energy dispersion, arising from quasi-localised states.
Plasmons are collective charge oscillations leading to nanoscale optical fields and thus they are linked to the existence of a plasma, i.e., to a finite charge stiffness or Drude weight, D. Within a hydrodynamic model, the plasmon energy is related to the Drude weight as ω p ∼ √ D which rules out the existence of plasmons for neutral systems for which D = 0. Nevertheless, here we will show that for sufficiently small twist angle close to the magic angle at which the Fermi velocity becomes zero and flat bands develop [19] , genuine collective modes emerge even in the case of zero chemical potential. These excitations prevail for not too large finite chemical potential and can, therefore, be interpreted as interband plasmons or collective excitonic oscillations.
As argued above, terahertz plasmons in graphene and/or superlattices are only present at finite chemical [20, 21] . But so-called π-plasmons can also be observed in neutral free-standing graphene at energies ω π p 4.5eV [22, 23] . These are related to a van Hove singularity [24] , and an obvious guess would be that there will be similar plasmonic excitations at lower energies due to the appearance of emerging van Hove singularities located between the two Dirac cones of the two twisted layers [25, 26] . However, the above plasmons are invoked by delocalised π-electrons, whereas the plasmons discussed here originate from quasi-localised states, reminiscent to a recent study on localised plasmons in disordered graphene [27] and bilayer nano-disks [28] .
The emergence of interband plasmonic modes around the neutrality point is related to the deviation from Dirac fermion behavior in the charge response χ, i.e., the imaginary part Imχ has to decay faster than ω −1 for ω → ∞. Interband (out-of-phase) plasmons with a linear (soundlike) dispersion should therefore be hosted by topological insulators such as mercury telluride described by the BHZ-model which mixes Dirac with Schrödinger electrons [29, 30] . In the case of twisted bilayer graphene, we also find deviations from the typical Dirac response for small twist angles, however, here the emerging interband plasmons arise through the interaction of the incidence light with quasi-localised states, displaying an almost constant dispersion with energies ω ∼ 20 − 200meV, tuneable by the twist angle. Furthermore, they carry a dipole moment (in-phase plasmons) and it should, therefore, be easier to observe genuine interband plasmons in twisted bilayer graphene with twist angles of θ 2
• via, e.g., nano-infrared imaging or scattering-type scanning near-field optical microscopy (s-SNOM) [31, 32] .
Before we outline the explicit calculations, let us specify our definition of plasmonic excitations. Often, a peak in the electron energy loss function serves as criterion for a plasmon mode. Nevertheless, this is only an indication for an enhanced charge response and not for collective oscillations which are indicated by a pole in the two-particle Green's function or, alternatively, a zero in the (real part of) the dielectric function. Within this definition, the modes found in Refs. [33] [34] [35] [36] for undoped graphene or energies larger than twice the chemical potential on various substrates are not genuine plasmons as discussed in Ref. [4] .
Model. In order to describe twisted bilayer graphene, we follow Refs. [16, 37] with the intra(inter)layer hopping amplitude t 0 = 2.78(t ⊥ = −0.33)eV. A self-contained discussion on the model is given in the Supplementary Information (SI) [38] . In the following, we focus on a discrete set of twist angles θ i which are labelled by only one integer i through cos(θ i ) = 1 − 1 2Ai with A i = 3i 2 + 3i + 1. The unit cell of twisted bilayer graphene is A i times larger than the unit cell of single or bilayer graphene and the unit vector thus of size √ A i a with a ≈ 2.46rA. In Fig. 1, (A) the real-space image, (B) the band-structure, and (Cn) the local density corresponding to the n-th conduction band are shown for an twist angle θ i=20 = 1.61
• , as well as the extended Brillouin zone for θ i=3 = 9.14 • (D). For large angles, the spectrum can be approximately described by a single parameter α = √ Ai/3 2π t ⊥ t0 and perturbation theory correctly predicts the emerging Dirac cone physics with renormalised Fermi velocity given by v * [16, 19] . But for small twist angles with θ < 2
• , a new regime occurs where the bands are very flat and the velocity tends to zero [39] , see Fig. 1 (C1) . It is this new regime that will give rise to novel interband plasmons.
Dynamical charge response. The dynamical densitydensity response function is defined as χ(r, r , t) = 1 i Θ(t) [n(r, t),n(r )] and for |q| |G i | its Fourier transform in space and time, χ(q, ω), is well-defined. Let E τ m (k) and |τ, m, k denote eigenvalues and eigenfunctions of the effective Hamiltonian given in the SI [38] . Then χ(q, ω) can be expressed in the long wavelength limit as
Here, n F [x] = (e β(x−µ) + 1) −1 is the Fermi function and g s = 2 the spin degeneracy. The sum over k is over the first Brillouin zone of the supercell and m, n denote the band-indices. Note that Eq. (1) comprises eigenvalues and eigenstates of both inequivalent Dirac points τ , such that χ(q, ω) manifestly fulfils the usual symmetry relations of a response function [40] , namely χ(q, ω) = χ * (q, −ω) and χ(q, ω) = χ(−q, −ω) due to time reversal invariance and a real response, respectively.
For energies ω t ⊥ , the effects of the interlayer coupling become negligible and the result for two decoupled graphene monolayer at zero temperature and zero chemical potential [41] 
must be recovered (g = 2 and g v = 2 are the layer and the valley degeneracy). This result holds for vanishing coupling strength t ⊥ or, more precisely, for vanishing α. For small α, the renormalization of the Fermi velocity is expected to be the main effect and the response function should be well described by χ * 0 (q, ω), which is defined as χ 0 (q, ω) in Eq. (2) but with v F replaced by v * F . Obviously the locus of the singularity of χ * moves towards zero as the Fermi velocity decreases while its spectral weight increases with 1/ v * F . This can be seen in Fig. 2 (A) for large twist angles with i = 5, 10.
Static response. For large twist angle, the electronic spectrum of twisted bilayer graphene is characterised by two Dirac cones per valley and the static susceptibility thus scales linear with the wave-number, i.e., Reχ(q, 0) ∼ |q| as seen in Eq. (2). Remarkably, for small twist angles θ θ i=20 , the static response becomes quadratic for small momenta, i.e., χ(q, 0) ∼ |q| 2 , see SI [38] . This departure from Dirac cone physics is crucial to host genuine plasmons at zero doping [29, 30] .
Numerical results. In Fig. 2 (A) , the imaginary part of χ(q, ω) is shown for various angles at constant momentum transfer qa = 0.02 in the direction of ∆K = K−K θ . With ω * denoting the frequency at which Imχ becomes maximal, Im χ(q, ω * ) √ ω * is independent of i for i 15 consistent with a square-root divergency. Furthermore, we have ω * = v * F q for i 15 whereas for smaller angles with i 15, ω * > v * F q and Im χ(q, ω * ) √ ω * is not constant anymore. We thus observe a departure from Dirac cone physics for small angles in the charge response.
The crossover behaviour around i ≈ 15 can also be observed in the real part of the susceptibility, Fig. 2 (B) . For i 15, Reχ becomes positive for certain frequencies which opens up the possibility for the existence of genuine plasmons with energy ω p . This is indicated by the dashed line where the dielectric function within the random-phase approximation (RPA) becomes zero,
Above, we defined the Coulomb potential v q = for an effective dielectric medium with static dielectric constant . This has been set equal to one (vacuum) in the corresponding dashed curve and we will also discuss results for a finite value with = 2.4, corresponding to a twisted bilayer graphene on top of SiO 2 . Loss function. Undamped plasmons only exist if (q, ω) = 0. Nevertheless, plasmons with frequency ω p can also be defined for Imχ = 0 by the condition Re (q, ω p ) = 0 as long as the loss function S(q, ω) = −Imε −1 (q, ω) is peaked around ω p with width γ ω p . This condition allows the plasmon to oscillate sufficiently long before decaying through Landau damping into the particle-hole continuum and renders it detectable by e.g. nano-infrared imaging [31, 32] .
In Fig. 2 (C) , the density plot of the loss function for a surrounding medium with = 1 is shown as a function of momentum and of frequency for a twist angle θ 20 ≈ 1.61
• . The in-plane momentum vector points into the direction of ∆K but the results hardly depend on the direction of q. In Fig. 2 (D) , the loss function is shown for θ 25 ≈ 1.30
• with = 2.4. For this angle, even with an effective dielectric medium up to = 4, genuine plasmons with Re (q, ω p ) = 0 are present at T = 0. For both angles, we observe several almost equally spaced plasmon branches extending to large q-values. These quasi-localised plasmons emerge from quasi-localised eigenstates as we will argue below and are the main observation of this work.
For smaller momentum transfer qa ≈ 0.02, the two lowest resonances show an asymmetric line shape which can be well fitted by a Fano resonance, see SI [38] . This is because the loss function is directly related to the extinction spectrum for which Fano resonances are wellknown for confined plasmonic systems and which occur when localised states interact with a continuum [42] . The asymmetry increases with decreasing angle and also the peak position shifts to lower energies, see SI [38] . These results go in line with the stronger localisation for twist angles close to the magic angle at θ i=31 ≈ 1.05
• as well as the increasing dot size given by the AA-stacked island proportional to
Local field effects. For small angles and/or large wave number, local field effects have to be taken into ac- 
(Online color) Imaginary (A) and real (B) part of the charge response χ(q, ω) for different twist angles θ5 ≈ 6.01 count since the wave number q becomes comparable to the length of the first reciprocal lattice vector
In the SI, we analyse the local field effects on the loss function and conclude that there are no significant changes, i.e., the plasmonic resonances are only slightly shifted but prevail [38] . By applying an interlayer bias ∆, a gap is opened in the spectrum of Bernal(AB)-stacked graphene bilayer [43] , but for twisted bilayer graphene only the energy levels of the two Dirac points of one valley are shifted to positive and negative energies, respectively. Again, the localised plasmon modes are preserved for ∆ ω m p , showing the robustness of these collective excitonic oscillations. In fact, also for larger interlayer bias ∆ ω m p , the resonances persist supported by the local gap present in the AB-stacked regions, see SI [38] .
Disorder can be qualitatively modelled by introducing a finite damping term in Eq. (1). Numerically, we first obtain Imχ and then Reχ, invoking the KramersKronig relation. A moderate broadening in Imχ and consequently in Reχ does not alter our general predictions. The same holds for finite room-temperature, see SI [38] .
Real space interpretation. The novel plasmon modes consist of collective interband transitions and therefore, the corresponding electron and hole densities are equal. In an extended systems, electron and hole densities must move out of phase in order to generate a restoring force which maintains the charge oscillations. If the system is partially confined due to an external potential, electron and hole densities can also move in-phase making them susceptible to dipole coupling to an incident light field.
Assuming the confinement to be harmonic, the spectrum is given by equally spaced energy levels. Moreover, the center-of-mass equation of motion is linear and all Fourier-components move with the same frequency, i.e., the dispersion is constant and independent of q. Both features are reflected by the loss function of twisted bilayer graphene which has to be contrasted to the case of interlayer plasmons in mercury telluride which shows a linear dispersion in accordance to out-of-phase oscillations which do not couple to light [29, 30] . A simple model describing these quasi-confined regions is discussed in the SI [38] .
Exciting the system by s-SNOM, a particle-hole or excitonic density is created, oscillating within several adjacent AA-stacked regions of quasi-localized wave functions. Moreover, there is a linear shift in the resonant plasmon energy for different twist angles with ω m p ∼ 1/R, where R ∼ √ A i ∼ i denotes the radius of the localised AA-stacked region which is approximately linear for large i 15, see SI [38] .
Applications. A plasmonic resonance with almost constant dispersion at ω 0 opens up several possible applications. Let us highlight here a device with two twisted bilayer graphene layers on top and on the bottom of a dielectric of width d. Following Ref. [44] , we find exponential amplification of the near-field modes at constant energies ω exp,1 = ω 0 + O(e −2qd ) and ω exp,2 = −1
. A "perfect" lens in the spirit of Pendry [45] can thus be designed without the need of left-handed materials.
Also extraordinary absorption of propagating light at ω 0 is expected due to coupling to the reciprocal vector of the Moiré-superlattice. For a polarization in direction of G 1 and twist angle θ i=25 , we have |G 1 |a ≈ 0.16 and peaks in the loss function correspond to enhanced absorption.
Summary and Discussion. We have predicted novel interband-plasmons in undoped twisted bilayer graphene for small twist angles. Moreover, we showed that the plasmonic excitations are connected to the deviations of Dirac cone physics and consequently to quasi-localised states giving rise to Fano resonances. This makes twisted bilayer graphene an exciting new metamaterial with extraordinary properties leading to enhanced absorption and exponential amplification at constant energy giving rise to the possibility of a "perfect" lens without the need of left-handed materials.
The new interband plasmonic modes can be interpreted as collective excitonic in-phase oscillations in a periodic, but quasi-confining potential surrounding the AA-stacked regions. We thus expect these modes to also emerge in other systems with electronic (quasi-)confinement and/or commensurate structure.
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THE CONTINUOUS MODEL FOR TWISTED BILAYER GRAPHENE
While twisted bilayers were often addressed theoretically by first principle calculations [12, 39, [46] [47] [48] , a continuos model based on the Dirac cone approximation of the tight binding Hamiltonian was proposed by Lopes dos Santos et al. [16, 49] . Also related models were developed and employed in Refs. [17, 19, 50, 51] . Albeit similar, the models differ in certain details, e.g., in Ref. [17] particle hole symmetry is conserved, while in Ref. [16] , it is broken.
In twisted graphene bilayers, Moiré patterns may appear which exhibit the same hexagonal lattice structure as in single layer graphene. Depending on the twist angle between the two layers, the length of the lattice vectors of this superstructure might be largely enhanced as compared to a ≈ 2.42A, the length of the lattice vectors a 1,2 = a ±1/2, √ 3/2 of graphene monolayer. Strictly speaking, not all twist angles are allowed but only a commensurate set θ mn which map the lattice point (ma 1 , na 2 ) onto (na 1 , ma 2 ), m, n ∈ N [52] . However, the set of possible angles is dense in [0, 2π] such that the spectral properties at low energies continuously depend only on the value of the angle and not on the integers n, m.
In this work, we focus on m − n = 1, obtaining a discrete set of twist angles θ i which are labelled by only one integer i through
An arbitrary small twist angle can be achieved by increasing the integer i keeping in mind that all intermediate angles can be approximated to arbitrary accuracy by allowing two integers. The lattice vectors of the superlattice are
spanning a super unit cell with an area A i times large than the unit cell of single layer graphene. Likewise, the area of the reciprocal superlattice spanned by the vectors
is A i times smaller than the area of the reciprocal lattice of graphene, spanned by b 1,2 = 2π a (±1, 1/ √ 3). The Brioullin zones of the two monolayers are twisted by the angle θ i , such that the Dirac points K φ , φ = 0, θ i , (K ≡ K φ=0 ) at the positions K φ = (4π/3a)(cos φ, sin φ) are connected by the vector ∆K ≡ K θi −K = (2G 1 + G 2 ) /3, which decreases with decreasing twist angle θ i as |∆K| = |K|/ √ A i . The two points K and K θi are the vertices of the Brioullin zone of the reciprocal superlattice with Γ-point at K θi + (G 1 + G 2 )/3 and the central M -point at M =(K + K θi )/2. The geometry in momentum space is summarized in Fig. 3 .
We follow Refs. [16, 37] and take into account interlayer hopping only between the two sites in each layer which are closest to each other. The hopping amplitude t(R, δ) between a lattice site R on the first layer and site R + δ + de 3 of the second one is much smaller than the intralayer hopping amplitude t 0 ≈ 2.78 eV. In principle t(R, δ) has a rather complicated space dependence, but its periodicity with respect to the superlattice allows an expansion in Fourier componentst σσ (G). These depend on the reciprocal vectors of the superlattice G and on the sublattices of the two layers.
Using the Dirac cone approximation for single layer graphene, the Hamiltonian for twisted bilayer graphene close to the Dirac point K readsĤ = kĤ (k) with [19, 49] 
Here,â † φσk creates an electron on a single layer with twist angle φ on sublattice σ = A, B with lattice momentum k + M − K φ . Moreover,σ φ = e iφσz/2σ e −iφσz/2 withσ = (σ x ,σ y ) and the Pauli matricesσ x ,σ y . The Fermi velocity of a graphene monolayer is v F = √ 3at 0 /(2 )≈ 9 × 10 5 ms −1 . The Dirac cone approximation is valid for k-values much smaller than |K| = 4π/(3a), respectively for energies much smaller than v F |K| ≈ 10.1 eV. In practice we will consider frequencies in a range ω < Λ, where Λ ∼ 0.8t 0 / corresponding to a cutoff wave vector k Λ ≈ a −1 . The interlayer hopping was investigated in detail in [16, 49] and with a different but equivalent approach in [19] . In Ref. [16] it was pointed out that the modulus of the interlayer hopping matrix element is independent of the sublattice index t ⊥ (G) = |t σσ (G)|. Moreover t ⊥ (G) decreases algebraically with aA i |∆K + G|. Thus it is well justified to consider only these values for n, m ∈ Z, G = nG 1 + mG 2 for which this quantity is minimal and neglect all others. There exist three pairs of integers (n, m) = (0, 0), (−1, 0), (−1, −1) yielding the same minimal value t ⊥ = t ⊥ (0). Note the asymmetry in these pairs of integers, which breaks translation invariance in k-space. The phases oft σσ (G) were worked out in [16, 19] utilizing geometric arguments (ξ = 2π/3) andt(−G 1 − G 2 ) =t * (−G 1 ). We choose for the interlayer hopping strength the value t ⊥ = −330 meV analogous to Refs. [18, 19] . However experiments are not conclusive on the exact value of t ⊥ , which seems to depend on the method used to synthesise the sample. Note that the Hamiltonian (7) is only a valid approximation close to the Dirac point K and breaks time reversal invariance (TRI). In order to restore TRI, one has to consider both inequivalent Dirac points. Let H (k) denote the Hamiltonian close to the second Dirac point K = −K. We then findĤ(k)= (Ĥ (−k)) T and therefore TRI is conserved in the full Hamiltonian. Thus, it suffices to focus on a single Dirac point. Note that the Hamiltonian (7) breaks particle-hole symmetry in contrast to the one employed by Moon and Koshino [17] .
For small angles, the rotated spin operatorσ θi can be approximated by the unrotated oneσ θi ≈σ. Within this approximation the spectrum of the Hamiltonian of Eq. (7) only depends on the single parameter α = √ A i t ⊥ /(3 v F |K|). However, the full HamiltonianĤ comprises all momenta within an area ∼ πk 2 Λ which is covered by approximately N ≈ A i /14 unit cells of the reciprocal superlattice, which give rise to the same amount of Moiré bands.
STATIC RESPONSE
The susceptibility is related to the overlap between the wave function at two momenta which differ by a fixed momentum q, i.e., | τ, n, k + q|τ, m, k | 2 , see Eq.
(1) of the main text. Expanding the eigenstate for small q, i.e., τ, n, k + q| = τ, n, k| + q · ∂ k τ, n, k|, will lead to a static susceptibility quadratic in q, Re χ ∼ q 2 , due to the orthogonality of states at the same momentum k for n = m.
For Dirac Fermions, this quadratic behaviour is changed to become linear, Re χ ∼ q, as also seen from the general result of Eq. (2) of the main text. This is due to the linear dispersion which leads to an energy denominator in Eq. (1) of the main text proportional to q and thus a cancellation.
In Clearly seen on the right panel is the deviation from linear behaviour of Reχ for small q-values, see also the inset. In fact, for i = 30 a clear quadratic behaviour extends over a wide range of momenta indicating the break-down of the linear Dirac-cone physics. But also for i = 25 and even for i = 20, a quadratic dispersion sets in for small q-values. The break-down of Dirac-cone physics is crucial to obtain the energetically low-lying plasmonic modes at zero doping as discussed in Refs. [29, 30] .
ANGLE DEPENDENCE OF THE LOSS FUNCTION
Here, we will discuss the loss function for a wider parameter regime and also determine the fitting parameters for the Lorentzian and Fano resonance, respectively.
In Fig. 5 , line cuts at constant momentum q = 0.02a
are shown for two temperatures T = 0 (black) and T = 300K (red). Panels a) and b) display three distinct peaks and for an effective dielectric medium with = 1 (suspended sample) the first two are related to a zero in the real part of the dielectric function, i.e., Re (q, ω p )=0 [53] . We can therefore speak of plasmonic excitations even though they are damped by a non-zero imaginary part. For a dielectric with = 2.4 (e.g., twisted bilayer on top of SiO 2 ), only the first peak corresponds to a zero. Concerning the second and third peak, we associate them to transitions between the quasi-localised states inside the AA-stacked regions, see also the discussion below. The main resonances can be well fitted by a Lorentzian, see dashed lines in Fig. 5 b) . In Fig. 5 c) and d), the same curves are plotted for a twist angle with i = 25. Now, also for a dielectric substrate up to = 4, genuine plasmons with Re = 0 are present at T = 0, whereas for suspended samples, most resonances are smeared out. Due to the stronger confinement, the two lowest resonances show an asymmetric line shape which can be well fitted by a Fano resonance, see dashed lines in Fig. 5 d) .
In Fig. 6 , the loss function is shown for various angles at T = 0 for two different effective dielectric media with = 1 (left) and = 2.4 (right). As can be seen, the loss function becomes more asymmetric for increasing i, i.e., for decreasing twist angle, consistent with our assump- 
tion that the plasmonic resonance can be described by Fano-resonances. We also see a linear shift in the resonant plasmon energies in accordance to a 1/R-behaviour, where R ∼ √ A i ∼ i denotes the radius of the localised region which is approximately linear for large i 15.
In table I, the fitting parameters for i = 20 and = 2.4 at qa = 0.02 are given and in table II, for i = 25 and = 2.4. From the quality factor ω 0 /γ, we see that there are damped oscillations of up to 10 cycles. The quality factor is even enhanced for larger momentum by a factor of 2-3.
LOCAL FIELD EFFECTS
For small twist angles and large momentum, local field effects have to be taken into account since the wave number q becomes comparable to the length of the reciprocal lattice vector |G i | = |G 0 |/ A i /3 with |G 0 | = 4π/( √ 3a) [40] . Here, we will analyse the effect and show that it can be neglected.
The response of a periodic structure to a plane wave 
with wave number q is given by a Bloch wave which can be written as a superposition of plane waves with q + G where G are arbitrary reciprocal lattice vectors. The linear response thus reads ρ q+G (ω) = G χ G,G (q, ω)φ q+G (ω) and the dynamical response matrix is given by
where the notation follows Eq.
(1) of the main text.
As a consequence of the above expression, we have χ G,G (q, ω) = χ * G ,G (q, ω) and timereversability demands χ G,G (q, ω) = χ G ,G (−q, ω). Due to a real response, we further have χ G,G (q, ω) = χ * −G,−G (−q, −ω). The plasmonic modes can be discuss by the dielectric function which is given by the following matrix within the random-phase approximation:
with v G (q) = v(q + G) = Fig. 7 , the loss function for twist angle θ i=20 is shown at two momenta q = 0.02a −1 (left) and q = 0.118a −1 (right). The reciprocal lattice vectors that build up the matrix are given by G = n 1 G 1 + n 2 G 2 with −n max ≤ n 1 , n 2 ≤ n max and we show the results for n max = 0, 1, 2 corresponding to matrices of dimensions 1,9, and 25. The loss function with n max = 1 is almost identical to the one with n max = 2 and convergence is thus rapidly reached. For small momentum q = 0.02a −1 , there are only small differences between the loss-function obtained from different matrices and we can thus neglect local field effects for this parameter regime. For large momentum q = 0.118a −1 , the changes are slightly more pronounced and a shift of the first resonance is seen. Still, they are surprisingly small and the main resonance prevails which gives rise to a stable plasmonic excitations at constant energy. This shows that local field effects for twisted bilayers can be neglected for the considered parameter regime discussed in this work.
FINITE DOPING AND BIAS
Here, we discuss the dependence of the loss function on finite doping µ and also on a finite bias ∆ between the two layers. Changing the electrochemical potential between the two layers will open up a gap in Bernal-stacked graphene bilayer, but for twisted bilayer graphene only the two Dirac points of the same valley are shifted to positive and negative energies, respectively. Nevertheless, a local gap in the AB-stacked regions for small twist angles is expected which can be characterised by the local density of states (LDOS). In order to discuss the finite bias dependence, we add the following term to the Hamiltonian of Eq. (7):
In Fig. 8 , the loss function S(q, ω) = Im −1 (q, ω) for a twist angle with i = 20 is shown as function of the chemical potential µ at different scales, see a) and b). Also the loss function as function of the interlayer bias ∆ can be seen in panel c). The momentum is fixed at qa = 0.02 with direction parallel to ∆K. In both cases, i.e., for the two variables µ and ∆, we see that the lowest two resonances at ω We also observe an enhanced resonance for finite interlayer bias with ∆ ω m p . This can be understood from the local gap induced in the AB-and BA-stacked regions which surround the AA-stacked islands. This local gap will favor the localisation inside the AA-stacked islands and thus stabilise the plasmonic modes .
REAL SPACE INTERPRETATION
In this section, we want to explore a simple quantum dot model that can account for quasi-localised states in the AA-stacked islands. We will show that quasi-bound states exist for this model even when the confinement is related to a rather small energy scale, i.e., the interlayer hopping amplitude. The resulting spectrum of the bound-state shows is equidistant in energy and compares favourable to the spectrum of the loss function. Nevertheless, we wish to stress that our analysis can only motivate the resulting spectrum of the loss function.
For small angles, twisted bilayer graphene can be viewed as plackets of AA-stacked graphene surrounded by three AB-and BA-stacked regions, respectively. The band structure of AA-stacked graphene is simply the band structure of single layer graphene shifted to positive and negative energy t ⊥ , respectively. There are no transitions allowed between the two conical bands and we can thus approximate the AA-stacked region by a simple graphene monolayer, H sg , but with finite chemical potential µ = t ⊥ .
Bernal (or AB) stacked graphene displays four parabolic branches also separated by t ⊥ . The easiest way to model the interface between AA-and AB-stacked regions is thus given by a finite mass-term of approximate energy t ⊥ . For sufficiently localised states, hybridisation of the wave functions of adjacent dots can be neglected, and it is enough to only consider one quasi-localised circular dot. Our simple model then reads
We choose R 1 = 7nm and R 2 = 8nm in the case of a twist angle θ i=25 ≈ 1.30
• for which the length of the vector of the unit cell is ∼ 11nm. For generalisations to general periodic systems and wave function matching in graphene systems with circular symmetry including a mass-term, we refer to Ref. [54] .
In Fig. 9 , we compare the local density of states (LDOS) for the simple dot model, Eq. (12) , and the full continuous model, Eq. (7), with the loss function of twisted bilayer graphene with θ i=25 at qa = 0.1. On the left, the LDOS is shown for three different positions (center, edge, and outside the dot confinement) and the chemical potential at µ = t ⊥ is indicated by the dashed vertical line in the upper panel. The inset of the lower panel highlights the localised states. On the right, we observe that the first peak in the loss function is related to the zero of the real part of (q, ω) and thus resembles a genuine plasmonic resonance. The other peaks can be related by inter/intraband transition between the localised levels inside the dot, i.e, the peaks of the LDOS are separated by ∆E = 0.45t 0 , similar to the energy separation of the loss function. The imaginary (loss function) and real part of the inverse dielectric function −1 (q, ω) for twisted bilayer graphene with θi=25 at qa = 0.1 (direction along the KK'-line).
